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Abstract
Simulations of deformable capsules in ﬂow can require representation of a challengingly broad range of length scales. This is
especially true for red blood cells, because they deform so signiﬁcantly under physiological ﬂow conditions. We discuss requisite
simulation ﬁdelity from the perspective of resolution, which we distinguish from the often-cited convergence order of a method.
Resolution measures error at the ﬁnite discretization (e.g. mesh density) of actual simulations, and can therefore be a valuable
metric in assessing methods for practical simulations. This is especially the case in chaotic multi-body cellular ﬂow, for which
the pertinent measures of convergence are statistical. Two model conﬁgurations are presented and analyzed using a particular
high-resolution boundary integral solver: relaxation of a perturbed spherical capsule and the ﬁnite-deformation of a ﬂowing red
blood cell in a narrow round tube. Resolution needs depend strongly on the observable of interest.
c© 2015 The Authors. Published by Elsevier B.V.
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1. Introduction
It is well-understood that the length scales of capsules in ﬂow and other challenges can hinder experiments that
would attempt to quantify their dynamics. This is particularly true for biological capsules ﬂowing in narrow conﬁnes,
of which the red blood cell is an important example. Given these circumstances, detailed simulations are attractive to
study and quantify capsule ﬂow, though this, of course, introduces its own challenges. Both the physical modeling of
the capsules and the numerical discretization require attention.
Constitutive models depend upon measurements for calibration, but obtaining viscoelastic properties of red-blood-
cell mechanical properties is a signiﬁcant challenge, which is augmented by the fact that ﬁnite-deformations are
fundamental to their physiological behavior.1 Even parameterizing them might require complex calculations that
entail the resolution issues we discuss. Despite extensive measurements in various conﬁgurations, it is unclear there
is yet adequate data to accurately characterize all important normal physiological deformations, much less strains that
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might lead to hemolysis such as in biomedical devices. Deformations are particularly large as cells ﬂow through the
narrowest systemic and pulmonary capillaries, the smallest passages of which might be the spleenic slits of certain
mammals including humans. Some continuum model simulation results demonstrating large deformations are shown
in ﬁgure 1. Models based upon a microstructure description of the spectrin network and other components that
constitute the red blood cell membrane,2 rather than a continuum description, depend upon similarly challenging and
incomplete molecular-scale mechanical measurements.
Here we assume that suﬃcient constitutive models are available (or eventually will be) and focus speciﬁcally
on the challenge of resolving the multi-scale deformations with suﬃcient ﬁdelity for the ﬂow simulation. Diﬀerent
discretizations, even with the same nominal order of convergence, can provide signiﬁcantly diﬀerent accuracy for
the same density of collocation points or, equivalently, degrees of freedom. For multi-scale phenomena, it is now
widely understood that sacriﬁcing formal convergence order in favor of better ﬁnite-mesh size resolution can be
advantageous.3 In assessing this, however, it is important to be clear that ﬁdelity needs will depend upon the goals
of any particular simulations. A detailed scientiﬁc investigation of cellular ﬂow dynamics, for which the numerical
solver might be asked to provide an eﬀectively exact solution of the ﬂow equation in place of an analytic solution,
will have diﬀerent ﬁdelity needs than a coarse grained model needed to represent only the basic corpuscular character
of blood ﬂow. Indeed, some applications might only seek to illustrate a visually appealing phenomenology, where
ﬁdelity is judged by an impressional metric. Similarly, computational eﬀort introduces still more variability in method
assessment, though we do not discuss this cost in detail here.
This paper informally discusses these resolution issues in conjunction with a specially designed solver, which
is summarized in the following section. It is particularly well suited to quantify the resolution needs, as discussed
in the following, and it is applied to two model ﬂows: (1) an analytic viscous ﬂow relaxation and (2) a red cell
ﬂowing through a round tube model of a narrow capillary. The convergence of diﬀerent ﬂow quantities for this second
conﬁguration is the principal result. These ﬂows are designed to demonstrate resolution needs and are oﬀered as
candidates for benchmarking and analyzing discretizations.
(a) Flow in narrow tube with pseudo shear rate [mean ﬂow/tube diameter] U/D = 510 s−1, which is a
the high-speed end of the physiological expected range. 4
(b) A red blood cell passing through a model spleenic slit. 5
Fig. 1. Examples of red blood cells ﬂow with demanding resolution requirements.
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2. A spectral boundary integral scheme
The resolution studies in this paper employ a particular solver for ﬂowing suspensions of red blood cells. The ﬂow
of the Newtonian cytosol inside the cells (viscosity λμ, with λ = 5) and the plasma (viscosity μ = 0.0013Pa·s) is
represented in the viscous limit by a boundary integral formulation of the ﬂow equations.6,7,8 The full details of the
discretization are reported elsewhere,9 and it was designed to have several particular advantages for our target ﬂows.10
It is based upon a particle-mesh-Ewald (PME) Green’s function decomposition that provides the velocity solution
accurately with O(N logN) operations, where N is the number of discrete points representing the cells and vessel
walls. Most importantly for the current resolution study, the cell shapes are represented using spherical harmonics,
via an expansion of the form
f (θ, φ) =
N−1∑
n=0
n∑
m=0
P¯mn (sin θ)(anm cosmφ + bnm sinmφ), (1)
yielding N2 total number of spherical harmonic modes per cell, where
P¯mn (x) =
1
2nn!
√
(2n + 1)(n − m)!
2(n + m)!
(1 − x2) m2 d
n+m
dxn+m
(x2 − 1)n, with
∫ 1
−1
P¯mn (x)P¯
m
n′(x) dx = δnn′ . (2)
The corresponding collocation points are uniform in φ and the roots of PN(cos θ) in θ. This orthogonal polynomial
basis can provide super-algebraic convergence for smooth cell shapes, though our experience indicates that its practical
utility stems primarily from resolution characteristics at ﬁnite mesh density.
By resolution we mean performance at ﬁnite mesh (or degree of freedom) spacing Δ ∝ 1/N; in contrast, order
of convergence refers to the limit of increasing mesh density toward the Δ → 0 limit. Resolution thus quantiﬁes
accuracy of representing ﬁnite-length-scale features on a ﬁnite-density mesh. This can be quantiﬁed by calculating
error versus wavelength of the schemes—in essence, a numerical dispersion relation11. The physical model, at least
in the linear limit, will prescribe a relationship between the eigenmodes and their respective frequencies. However,
the discretization will only approximate this dispersion relationship, with the expectation that its approximation will
be more accurate the better resolved the deformations are. This is most conveniently demonstrated in one dimension
with a Fourier wavenumber analysis of standard ﬁnite-diﬀerence approximations, such as shown in ﬁgure 2. The
convergence order of a scheme only quantiﬁes the Δ → 0 approach to the exact dispersion relation seen in the small-
Δ corner of the plot. Even if formulated for high-order convergence, ﬁnite-element representations of deformations
can show non-monotonic numerical dispersion with peculiar behavior near particular wavenumbers. 12 Because of
their low degree inter-element continuity, this is true even if spectral basis functions are used within each element. 13
Discretizations based upon particles14 havemany advantages, but will also deviate from the nominal exact behavior for
short-wavelength disturbances, either because true molecular elements are grouped into super-particles (like a coarse
mesh) or approximations are made in ﬁtting intermolecular potentials. Global spectral methods, such as we use in the
present calculations, exactly preserve the dispersion relation, and thus provide a means to analyze resolution, though
they are also well understood to be unwieldy except in simple geometries. The approximate spherical geometry of
capsules enable the eﬃcient use of spherical harmonics via (1). The consequences of approximations in the resolution
are application dependent, and are of course superseded in importance by establishing discretization independence for
the target quantity of interest of the simulations. No consistent scheme is fundamentally bad or good.
The ability of the spectral basis functions to increase resolution without interpolation error also facilitates a de-
aliasing procedure9,10,16 that provides numerical stability without artiﬁcial smoothing or dissipation, which would
degrade the solution ﬁdelity. The mesh-scale oscillations or ‘ringing’ sometimes seen in numerical solutions can arise
via aliasing; the global spectral basis functions allow this to be avoided or de-aliased without smoothing. Each cell
is represented by a degree Np spherical harmonic expansion, which corresponds to 3N
2
p degrees of freedom per cell.
The nonlinear operations required to evaluate the constitutive model are computed on a mesh with Mp = 3Np. This
provides stability without smoothing or dissipation, both of which would degrade solution ﬁdelity since they change
the cell shapes other than by the physical mechanisms represented by the governing equation. With de-aliasing,
resolution can thus be based upon the needs of the simulation with robust numerical stability. This is a rigorous
approach to developing a reduced-order model in that the approximation of a truncated series is clearer than the
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Fig. 2. Numerical dispersion relation ω(k) for diﬀerent spatial derivative operators applied to the simple advection ut + ux = 0 model equation.
Shown are a standard order-optimized centered second- and sixth-order ﬁnite-diﬀerence schemes, a common coeﬃcient optimized seven-point
fourth-order Dispersion Relation Preserving (DRP) scheme, 15 and the exact behavior of a Fourier scheme. Time integration is assumed to be exact.
consequences of a coarse discretization when there is a wavenumber dependent resolution, as seen for the simple
discretizations considered in ﬁgure 2.
3. Resolution assessment
3.1. Relaxation of a perturbed spherical capsule
We ﬁrst conﬁrm that the resolution is indeed modenumber independent in our formulation. For a spherical capsule
of radius ao deformed in a quiescent ﬂuid, its surface eigenmode evolution are available,
17
u =
[
AYlmYlm(θ, φ) + A
Z
lmZlm(θ, φ)
]
e−ωt, (3)
where Ylm = Ylmrˆ and Zlm = r
−1∇Ylm/
√
l(l + 1) are normalized vector spherical harmonics and coeﬃcients AY
lm
and
AZ
lm
can be determined. For an inertia free membrane, as appropriate in the viscous limit, ω is real-valued with ω > 0.
We take the elastic energy to be
W =
1
2
ED[tr()]
2 + ES tr(
2), (4)
where  = (FTF − I)/2 is the strain tensor for deformation gradient tensor F, and ED and ES correspond to the
dilatational and shear moduli. The values ED = 2.5 and ES = 1.0 are chosen here; the bending stiﬀness is set to be
zero. This results in the in-plane strain–stress relation
N = J−1FFT [EDtr()I + ES (FFT − I)]. (5)
This simulation uses a large cubic periodic domain of size 20ao, and the initial perturbation has an L2 norm of
10−4a2o. The spherical harmonic expansion (1) has N = 12. For two viscosity ratios λ = 1 and 5, the damping
coeﬃcient ω of deformation eigenmodes with 2 ≤ l ≤ 10 and m = 2 are extracted from their exponentially decaying
amplitudes obtained from simulations with Δt = 10−3. Since the Cartesian components of Ylm contain modes with
latitudinal wave number (l + 1), l = 10 is indeed the maximum wavenumber that can be represented by the expansion
with N = 12. As shown in ﬁgure 3, all ω values match the theory, even those at the limit of the resolution of the
chosen mesh.
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Fig. 3. The damping coeﬃcients of surface deformation modes with 2 ≤ l ≤ 10 for two viscosity ratios: ◦ λ = 1 and  λ = 5, with corresponding
× perturbation theory solutions. 17
3.2. A cell ﬂowing in a round tube
Figure 4 shows a demonstration of the resolution needs for a single red blood cell ﬂowing with signiﬁcant ﬁnite
deformations in a streamwise-periodic tube of diameter D = 2.5ao = 7.05 μm, where ao is the radius of a sphere
matching the cell volume. The mean ﬂow velocity was U = 2.68mm/s, which is relatively high physiologically. The
cell was initialized oﬀ center as a sphere and ends up ﬂowing steadily oﬀ the tube axis, as has been observed in exper-
iments,18 presumably due to the symmetry breaking associated with the deformed shape of the cell. The commonly
used Skalak et al.19 model with an experimentally determined parameterization20 represents the membrane, and the
bending resistance of this model is the only factor that would limit the formation of sharp features or buckling of
the cell membrane. A spherical reference conﬁguration was selected to avoid any unsteadiness associated with the
membrane tank-treading motion for a bi-concave reference conﬁguration. De-aliasing aﬀorded by this description
allows us to consider N spanning from obviously under-resolved N = 4 up to N = 98. In all cases, the cylindrical wall
was discretized with a regular triangular mesh of 9696 elements.
Figure 4 (a) shows the convergence with increasing N of the eﬀective viscosity μeﬀ, the tank-treading rate Ω
4,
and the radial centroid location of the cell. Even the poorly resolved N = 4 case provides a reasonable measure
of the eﬀective viscosity, reﬂecting the general shape insensitivity of Stokes ﬂow. Other observables require higher
resolution. The tank treading rateΩ has ∼ 50 percent errors for the lowest resolution. The sensitivity ofΩ to resolution
can be anticipated from the visualizations in ﬁgures 4 (c)–(f), which suggest that N  12 is needed to remove obvious
low-resolution artifacts. Deformation spectra (ﬁgure 4 b) show that En is well represented through 5 decades of decay
for N = 12, which provides a resolution guideline. This ﬁgure also shows that even in the obviously under-resolved
cases, the low-order basis functions still provide a reasonable model for those in the highly resolved cases, in essence
providing a rigorous means of coarse-graining the representation. For N  16, all the spectra lay atop one another.
4. Summary
We have discussed the concept of resolution to complement order of convergence in assessing the the ﬁdelity of
numerical schemes for simulating capsule ﬂows, with the focus on red blood cells. Since resolution quantiﬁes ﬁdelity
at the ﬁnite discretization scale Δ rather than convergence for Δ→ 0, it provides additional practical guidance for the
design and analysis of discretizations. When a ﬂow is chaotic, as it often will be if it involves multiple interacting
bodies such as cells, the sensitivity of physical trajectories to even small numerical errors makes convergence to a par-
ticular space–time ‘trajectory’ in the ‘solution space’ impractical (maybe impossible), which is not restrictive because
such systems usually reﬂect a physical situation in which statistical measures are the more pertinent. This perspective
recognizes the deformation of a capsule in ﬂow as a multi-scale phenomenon, with a spectrum of deformations. In
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Fig. 4. Reﬁnement via maximum spherical harmonic degree N (see text): (a) convergence of eﬀective viscosity μeﬀ, tank treading rate,
4 and radial
axis oﬀset; (b) deformation spectra; and (c)–(f) selected visualizations.
considering methods and selecting discretizations, resolution should be balanced against convergence, eﬃciency, and
convenience within the objectives of any particular study. It therefore should be clear that no scheme is expected to be
universally preferable to others across the range of interesting investigations of capsule dynamics. Ultimately, most
ﬂows will require a convergence study to assess independence of the target observable to numerical choices. The
ﬂows considered here provide potentially useful benchmarks for studying this.
Acknowledgments
This material is based upon work supported by the National Science Foundation under Grant No. CBET 13-36972.
References
1. Humphrey, J.D. Cardiovascular solid mechanics: cells, tissues, and organs. New York: Springer; 2002.
2. Boal, D.H., Seifert, U., Zilker, A. Dual network model for red blood cell membranes. Phys Rev Let 1992;69(23):3405–3408.
3. Lele, S.K. Compact ﬁnite diﬀerence schemes with spectral-like resolution. J Comp Phys 1992;103:16–42.
4. Freund, J.B., Orescanin, M.M. Cellular ﬂow in a small blood vessel. J Fluid Mech 2011;671:466–490.
5. Freund, J.B. The ﬂow of red blood cells through a narrow spleen-like slit. Phys Fluids 2013;25:110807.
6. Youngren, G.K., Acrivos, A. Stokes ﬂow past a particle of arbitrary shape: a numerical method of solution. J Fluid Mech 1975;69(2):377–
403.
7. Kim, S., Karrila, S.J. Microhydrodynamics: Principles and Selected Applications. Boston: Butterworth-Heinemann,; 1991.
8. Pozrikidis, C. Boundary integral and singularity methods for linearized viscous ﬂow. Cambridge: Cambridge University Press; 1992.
 Jonathan B. Freund /  Procedia IUTAM  16 ( 2015 )  99 – 105 105
9. Zhao, H., Isfahani, A.H.G., Olson, L.N., Freund, J.B. A spectral boundary integral method for ﬂowing blood cells. J Comp Phys 2010;
229(10):3726–3744.
10. Freund, J.B. Numerical simulation of ﬂowing blood cells. Ann Rev Fluid Mech 2014;46:67–95.
11. Vichnevetsky, R., Bowles, J.B. Fourier analysis of numerical approximations of hyperbolic equations. Philadelphia: SIAM; 1982.
12. Kwok, W.Y., Moser, R.D., Jime´nez, J. A critical evaluation of the resolution properties of B-spline and compact ﬁnite diﬀerence methods.
J Comp Phys 2001;174:510–551.
13. Dimitrakopoulos, P. Interfacial dynamics in Stokes ﬂow via a three-dimensional fully-implicit interfacial spectral boundary element algo-
rithm. J Comp Phys 2007;225:408–426.
14. Fedosov, D.A., Caswell, B., Karniadakis, G.E. A multiscale red blood cell model with accurate mechanics, rheology, and dynamics.
Biophysical J 2010;98:2215–2225.
15. Tam, C.K.W., Webb, J.C. Dispersion-relation-preserving ﬁnite diﬀerence schemes for computational acoustics. J Comp Phys 1993;
107(2):262–281.
16. Veerapaneni, S.K., Rahimian, A., Biros, G., Zorin, D. A fast algorithm for simulating vesicle ﬂows in three dimensions. J Comp Phys
2011;230:5610–5634.
17. Rochal, S.B., Lorman, V.L., Mennessier, G. Viscoelastic dynamics of spherical composite vesicles. Phys Rev E 2005;71:021905.
18. Abkarian, M., Faivre, M., Horton, R., Smistrup, K., Best-Popescu, C.A., Stone, H.A. Cellular-scale hydrodynamics. Biomed Mater 2008;
3:034011.
19. Skalak, R., Tozeren, A., Zarda, R.P., Chien, S. Strain energy function of red blood-cell membranes. Biophysical J 1973;13(3):245–280.
20. Pozrikidis, C. Axisymmetric motion of a ﬁle of red blood cells through capillaries. Phys Fluids 2005;17:031503.
